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ACCURATE MATHEMATZCAL MODELLING OF PWM POWER REGULATORS

R, Prajqux;;w.c.:Marpinard and J. Jalade

Automatics and Systems Analysis Laboratory
National Scientific Research Center, Toulouse

General Remarks

The I1ncreasingly wldespread use oflregulator loop PWM con-
/¢

™

verters has led to consideration of the problem of the dynamic
8tability of the looped systeém,

Since this type‘of system is a discrete non-linear system,
various approaches have been taken in attempting to analyze its
operation.

The principal work in this area has made use of:
~= continpoéus linear approximation [1];
-- the first harmonic method [2];

-— the phase plane method with posslble ldnearization by
bits [3]. '

These methods have the advantages of being relatively simple
and of using the results of continucus linear servec theory, but, by
failing to take the discreteness of the system intc aceount, they
do not allow for flne analysls of 1ts behavior, Intorder toc move
in closer to reality, therefore, the method of the recurrente re-
lated tc the system may be usedd [4]. This method offers the
advantage of descrihing i!strong.. signall behaylor; on the other
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. #31ash marks in the margin indicaté a neW‘page in thé foreign text.



hand, it i1s poorly sulted for synthesis and quickly becomes
relatively cumhersome, especlally if the order of the system in-
creases, 4

Small signal analysis, using a z transform, for example,
makes it possible,ttaking-thé discrete nature of -the system into
account, to describe not only the local stability but also the
transient response, while at the same time placing the main
parameters 6fi the system in condensed letter form.

Let G(p) (Fig. 1) represent the transmittance of a given
continucus linear system T. If this system is subjJected to a
r
sample input e*(t), its z transmittance, (}{zhﬁs defined in such

a way that: L

 F@-C@TFw@ |

One of the forms of G (z)| is known to be:

[ o0 L -

| G (z) = Z g (nT). z (1)
Loy n=0 | .
%'J;g(t)=?"pulsé ‘response - = ;8-4 EC}(p)] '

Now let Tl represent a continuous or non-continuous 1inear
system. If T1 is such that 1ts discrete pulse response gl(n T)
is:

g, (A T) = g(n T),

, —

its =z transmittancet(El(z)sis:

' L.
™ [ e T
G. (z) = G (z) X (2)
i 1 _ - o
As a resqlt,_if”Tl_is subjected to the discrefe Input ﬂm(z)

I e T B e ¥

T c

the same‘discrete\outputksﬁz) 1s observed as for T,

"Tﬁe'diédré€e:behavior‘Gf‘anyflihear”system”dediscrete puls

)

‘résponse'gfn'T)'is‘equivalent'to‘that'of'a‘c

D el el e



system of pulse response g(t}

Tf the behavior of the continuous system T is described by

the state equatiens:

onékhas

(3}

Fig, 1.
Key: a. Llnear continuous,

s{t)=C Z
- - ()
gmTy=c. & AT B=C, [D(t)
ﬂ(TW matrlx of dlscrete transitlon=state
| - . ;a#ﬂmAﬁwJﬁTw
w (k) 5 (¥)
. ~1 Gp) |/
| DS , - o
o & conkinu \meqwe. ,__“/‘_.__é('%) |
E(t) / e’ e . s(vy
uih) G () "
E(3) T
acontinu lmemre
— —
- EM) 4(nT)—_-, 5(2)
o | 9T -
T, .
b discret \inéq"re o

b, Linear discrete



One may obtain G(z) for any linear discrete system by the

procecure; - . -
C ’ ‘ : —
pr)| —rgmT) —» glt) — Gl2)
B
- - -

The change from G(t) to:G Uﬂ-may ecnveniently be performed with
the use of ordinary btransform tables.

We will now discuss determination of the equivalent con-
tinuocus system of a PWM converter by the discrete pulse response
method,

" Behavior of a Converter

Under certain operating conditions, the structure of the
electrical network representing the system to be studied may be
changed (blocking or saturation of transistors, ¢ufrent becoming
cancelled in one branch of the netwekk for a fraction of the p
pericd, etec.,). It follows that the continuous equations governing
the behavior of the different magnitudes must change over time,
and that the converter may not bhe characterized by a continuous
transmittance which is valid at any time. However, the converter

is still a discrete system, since:

-- it 1s controlled by a series of discrete instants tn;

-~ the output of the system (assuming that the loop has been
opened) 1s also a series of discrete instants t‘n (Flg, 2),

In additien, this will be a %inear discrete system if lits
weak signal behavier 1s bedng studled; the previously described
method may thus be applied to it,
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Fig. 2.

Discrete Pulse Response of Systems with Changes in Structure

The period of operation i1s assumed t6 be divided into j time
intervals, each of these corresponding to a different structure of
the system.

During each of these intervals the behavicr of the system is
that of a linear continuous system;:

1 A4151.¢4 ' Az, By, b, AJ:BJ-¢J' &

, 1

The switching instants tn’ which' by definition are control
instants, are determined in closed lcop cenfiguration by an
equation of the type:

gn(gn) = a(tn) with Zn = g(tn).
when a coincidence modulator is invelved.

With an open loop, the instants defined in this manner are
the t'n, the tn Instants belng by definition known a priori.

The switching instants t, , within the periad,Itn, LI l]

are defined by equations of th%'type;

h,(Z ;) =0 with "2, = Z(t ;).

2 - o | nj‘ n+q

‘\



............

These willl be termed structure‘ ‘chang;e :Lnstants.

ALY Pl Y

For the J succe's\si-vé, states, the state equatlions of the
system (ef. that of Flg, 3, for example] are in the form:

Z=A Z+B u £ .
L2748 & = -or tn(t (tnl
E—A2£+B2u ‘-for'- tnl< t<‘tn
Z=A.Z+B,.u for t
= Ti= i n(j-1) ¢t <t
A and
:;‘ V=C2Z for any value of t

Z () = ¢(tt)zu / B, (t- )\)B u()\ d)\ “

wwith

. Alt-t))
¢k (t"to) = e

that is: ' -

T v ey SR YT ISR 2 P LY NN

Z(t)-ﬂt)[:;ﬁ(t)z(t)+f ﬂ(MB (}\).dk_l (7)

If the state vector Z(t) 1s considered only at switching

instants, that :‘Ls,'VZQt ) and ZCt i) this state Ve‘c'tor necessarily 7/

result o_f having; a such that

7 .
=n%



_aCharse.

PWM _ - ;'b Vgr tonsigne
o Y
: ¢ “Amplificateur correctevr
Av at
D l_eltn. ¢ Hovrloqe —

vi__ & R —

ElL — ' _— N -
| |
| l L t -

lhn itn1|tnz ltn-M ! | : o
1 dhiprlcnae
AT l | ¥ l Y |
P | |
VRN I/////s\-
L -
k Eg ‘'t | ' . - ’

Fig. 3.
Xey: a. Load.!
b. V5 mandatcry instruction,

¢. Correcter amplifier.
d. Clock,

is that, knowing only Eni’ it 1s not possible to determine tni.

In order to have a discrete state vector, In general one will
consider the State yector Z(t) at switching instants t,ort  in

i
continuous operatlon, even In dlsturbed operation, Assuming:

Bt} = £, . () for bt . <t o<t

1+2 ni n(i+1l) *



with £z (t) defined for t p t,,, the dlscrete state Vector of the

disturbed system may be properly represented by;

ok |
Z ni —‘giCt nil'

Thus for the component Z  of the state vector Z, we have

L
the notation given in Fig. 4.

|

dt,. dtnﬁﬂq
] a2 Reaime permgp

p Regime

i " T | TS 1%7('1“)(.@ Zp tis
——— — \ .
| ' zﬁﬂﬁﬁﬂ z?nhﬂﬂr ' —1 E

thi Eal | | Endat) En(ied)

Key: a. Continucus opération.
b. Disturbed operaticn,

With this notation:

* _ . ' .
-.?;_n(i+1) - ¢(;+1) (tr? (14-1))[ (1+1) (-t 1)'—n1 + (8)
th G+1) -

f Pas) SN By - u (M), d)\]
tni



n0(1+1) being the switching instant of order 1 + 1 in the inter-

val It C_+11J calculated for undistunbed operation,

In this ekpréssion tyq and 2.4 (a switching instant of order

1 in disturbed operation and the state vector at this instant in

disturbed operation, respectively) are functions of Z ni® One
may therefore write:

o . ) _ ——
1 *
d .
X Z n{i+1) _ 0 «° ) d¢(i+1}( ty) 2 dt . s
; % i+1  n{i+1) i *
. dz . dt . dz” .
! nl . nil - 11 -
| 9Z | A ] |
| ¢1+1- (~-tni) e B ﬂ-(i+1) ('tni."'B(i+1)' ult ;) _d;?_ .
| — ni _ ' : ——niA o

“of the disturbance may be, provided that the same qualitative
behavior persists {number of structure remaining unchanged), IH

the hypothesis of weak signal behavior over a span of continuous

operation, this expression becomes, all computations performed
(cf. App. 2):

_ . ".*“_nWHWﬁW

I dt
( dz (i+1) f =¢0 (EE&) } n 1| o
* . .0— dt £ -0+ déx to
= ni ni ni - ) ni
With PO ---—f —- T T T T ———— .
0 0
ﬂ = ﬁ -t )
(1+1) (1+1) n (1+1) ni
This equatlon is of the form;
w;;g_lrf_ A - .
dZ
—_— K + (11)
azx (+1) 1
= ni '

A



One mgy now expregs-dgfn¢lfdtn# which 1s in the form?

2 * * g9 gz o0 az¥ . 0
dé n+l = d?' n+l )0 (dE n(]'l) ) ( - 1’12) . ( nl ) (12)
dt ] :t . *:} . ” wvw * . dt

daZ {(j-1) dz n(j-2) d_Z_ nl n

n = n

The recurrent expression (11) furnishes all the initial
factors of the product, and thls expréssion :ls” obtalred by deriv-

ing Eq. (8), in which 1 = 1:

* : - .
dz _ rdp_ (-t ) - dZ
— nl _ 0 1" n Ly n
LY T "2yt ¢1('tn) T )1-,". (13)
n ... n n n
_ | .
P B

that 1s, all computations performed and'taking the hypothesis of

weak signals Into account:

dz* 0 dz daz
‘ dt 1 dt dt (14)
‘ n n .- n +
| t t
{4 | n n
with : 0 T b' o
. - 0
Ay - !
This is in the form:
e -
dz 0
_——mnl , _40 (15)
(—% ) =9, K

dZ
_ajcyil:¢;[Kj.4+,ﬂ]¢O(j'l)[K(j—2)+ﬂ]"' ,° [, 7118, K e

Moving on to the fellowing periods, the.génEPal term of the

10
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recurrence isg in the formg

* Lk
az* az | 4z -
— (n+k+1 —-'+k+1 ' ' ——(n+kn
ntrl) e R @7)
az’ n+k dZ (o4 - 1) az* (n+k)

All the factors of this product are independent of the rank
of the period under consideration, that isg

i dZ
| (n+k+1) =¢;[K(j-l)+ﬂ]"' 0[1{ +ﬂ]¢ o[K +1|_']

dz (n+k) - | - o (18)

with k > 1.
Since the dilscrete pulse reéponse is being sought, the pulse
being applied at instant tn’ one has:

=
Pnrk oy (19)
i
f

4 | and KD 0

‘The discrete‘state transition matrix is thus:

d.?_’. - o C(20)
ol & opem)=p° [k, ,,+ 2] p)°

dZ J J:
n+k ) .

Since the disturbance is applied at instant t
noted that, by the definitlon of‘gﬁ#, one has:

n? it should be

az*_ N
¢ - = 0
dt
§ n

11

|\



and thus that:

As a‘resﬁlt, therefore:

g dZ*' ‘
! - - n +m . m

e B ey . = 1 = . 1
§1A2n+ s A%.¢mﬂLKo.mh¢(ﬂK0“&t

n

The equivalent linear system 1s thus that of Fig. 5.

L | — _
S Aty | gmTY e ceTR, | AVhum
Fig. 5.

Using the diagonal form A(T) of @B(T), one has

g =p.A®. D andi-ﬂmm -3 A"@. D

as a result of which

gmT)-C. D Apn. pl. k-ﬁ ’

C,D. is a line matrix which may be written as:

erla @] |

D’]'.K'(1 is a column matrix which may be written;

12

(21)

(22)

(23)



If Ay, Aper. are the characteristic values (assumed to be

distinet) of A(t), one has:

ey e X T edy b A" Vmso

o a;T
Assumingaj = e 47, the continuous pulse response of the equivalent
continuous system 1s such that:

L alt" ayt |
gt )=cd .dk, . e + cd, cdk, e 7 4 (24)

k70

The z transmittance may thus easily be obtained with the use
of ondifnatry:fabled; fhithe florm: '

Lreagrel (Z) G.(Z:- ) l

[
]

T s RS — '
%C;(Z. 1Wis used rather than-G (2}l to take into account the fact
that G(0)" = 0; ef. Ref. [51))

Gain of the Coincidence Modulator

Let Vy equal the control voltage of the coincidence modulator
(Fig. 62,

13



Fig. 6,

Instant b 1s determined by an equation in the form:

AnCtn) - VE(tn) = Oo

Ithhgs been shown in earlier work [5] that:

1 -
At = AV' (t ) (26)
| n dAn _‘dVE E'n
dt t dt ¢ "
n n.
At the limit, one has:
v; (i:“’)= AVr*(t) '
A E 'n E 'n ‘
Using the notation
G e L
M dA dv
n | __B (27)
dt ‘ dt B
. t ‘ -t.-
: n n
onelhas
At =G, AV ¥ ()
M .E 'n (28)

14
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and the bleock diagram of the converter is as follows;

As

AVg

AV N
Ge |- e{%) %)

Aw()

[SYCEN

Const. being the gain of the correcter amplifier.

Fig, 7.

Application to Boost

Let us consider the converter below, for which T and V are
chosen as components &8 the state vector Z:

i k

—

a Vv

mo\jtﬂ; VO B B )

P V() ®4—_v - R
Fig. 8.

Key: a. Mean V = VO.

The output with which we are concerned is the voltage V(t); thus

vy cz= Lo 1] z ‘

S

Let us assume that the wildth medulation is performed by means
of a sawbtooth current of amplitude A, that is;

15



Bo(s) = A - (29)

by a coincldence modﬁlator, and that the correcter amplifier is -/
a simple amplifier of gain G..

'& AA , | | " "
A —— 7 ! /
P '
i : : e
C P |
y ] ] .
% : ! o -
“ 0 hr\ T _ bI’H-1 |
Fig. 9.
Discontinuous Conduction Operation
During one c¢lock period the system undergoes two changes in
structure at tnl and tn2'
. : Horloge aHorloae_
: Im ' :
{
L
v k
% | : o
b0 En tn1 taz  Fnat t(m-\)& t(n-H)z : tn&rz

Key; a, Clock,

Tt 1s assumed that the PWM acts at instants €ps tpyqees and

16



that the clock acts at instants tn2’ tCﬁ+1}2f"’

The state equations of the system are:

: | 1 1
0 - T
0 - L

Zz :}A _Z,_+ Bl E = E +
= - _ = 0
| . : C " 'RG
| ‘
i for.

_ tn( t £ tnl

| L
I} . . 0 0 0
| Z, = A Z+B E = zZ +

L7027 5 0 T 0
5 :
! for. tnl Lt L tn2
| S 1
: ° 0 o 7+ T
i Z= AS-gi-+ B3 E = 0 _1 "‘ b
] ' ) RC
j. fors tp < EL
| i=cyz=00 o] z '

(30)

- 17
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As a result;

2 1 1
L) = -
‘ 2
4 LC AR C2 \
and o L -
' Azt 1 o
| ¢2 = ¢3 = e - ) l—q
| RC

18

9 _ o r _ C
b1 Pire
i At
g =e 1 = =
1
-¢121 ¢122J
B | t - | .t e
" 2RC | 2 RC :
1l 1 1 £ .
Lsz e cos (w‘t - arc tg Spels )l T sin w
|
. t | _t
1 1 2RC

131

(329

» 1t may be deftermined from this that:



A

-
1 —
V- ) M || 7T
R 0 [L%Bi] [}kéﬂ I
v, M
C
%
dz dt
= n2
- —D%.y (ty ) 9< AV _n 1
e 2 at TomyT ot Yy g
— nl nl ' nl &= nl
| I¢ ) ([ Ta _ e
= A - 4 - Ef ———— >
R e I | L R A
‘_ o 1 a0 -
| pUNIA S nl
el 0! E —
| = | [T - o] |
= ¢2 (tB) +. v + ﬂ
| ) I IS A A B T
: —_— B
| Lol Lo J_ (+ T
0 o 1 0 0 0
t )
= ty) = [} =
% T
I 0 1 0 e 0 0
|- dZ : dt
1 = , 2
P :tnﬂ " #y (1) i[:(c?t Y . '(3% )y -;:I ol ﬂa
1 dZ 03 n2 n2 dZ 9
‘ -
2
Since the clock acts at L.ps it follows that d7*
and thus: “ n2

19
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Cne also has:

from which:

.
42kt
x
qulr1+-k
that 1s:
- 0
N T: ) P
g(T) ,_tc+tt
RC
_e

Fal

V -H
az* |
: = ¢3 (tc)= ) 1:5*_
dg n2 RC
‘ : 0 e N
%
i
= (n+k)1 _
% o ﬂl(td)
d-?—':-n+k
L : L 0 0
= ﬂs(tc) ;32 (tze )
0 1
0- -
tc-+t£ |
~ " RC
010ty e Broglty) -

~ 8y

”’11"

(35)
e
(36)
bio
1@an
1
b

Since the characteristic ﬁalues of A(T) are 0 and ﬁ22, placing

the matrices in diagenal form, it follows that;

20



I — V(]..‘ B
I S I | L B I
Z}Vh+k - [0’ 1] | ' ' o , AV,
L= 7 1-'-0 ¢ _L ; 1. e e
2 27 g, c™
(38)

The pulse response of the equivalent linear system,a&dll
computations performed, is therefore:

T A% : sinwt

g(ﬂ=={E~.[ 2 < 1 mwi, .
Le g +arce tan—— : S -

LC E co.UDtd arc SREwW - . (39)

1 :L 1 lncos( W t, +arc ta'IE—RCu)) o

- RC ~T2RC™ T - R o T

e ‘ LCw -

in the form g{t) = Gy e~at /

The discontinuous conduction boost thus behaves as a first
order system.

Finally, the pulsed transmittance of the system is:

.aT
Gz, 1) =G —% t4o)

B -a’l
Z-e

resulting In the characteristic equation:

21




‘ ) ‘ (41)
c GL{(EB)'-O

‘z}pe-aT,ﬂ.- G

" Note: Taking into account the order of magnitude of the

I
rarameters encountered in practice, 1t may easily be shown that:

The z pole for a ciosed loop is:

-aT ‘ N
z, < e (1_GCGMGB)
Cne has
-1 <« Z2; <+ 1 if one has (GC M GB) > 0:
h aT

GC GMGB 1+.e

The transient behavior is better if z, = ¢, that is, if:

GC GM GB =1

Numerical Example

. Let . the "boost" regulator of Fig. 8 be such that:

r=10° s
E -5
L =2-10°H
le=a10tr
|r=200
t
=28V
Vo= 28
HE =20V

22



With these yalues the regulator functions in discéntinuous
conduction, Thus "

| 1 1 1 .
w | - # [ —4— =11,200
. 2 o
- NLC T 2 g LC _

The systém may eastly bé set up so that tc # 2.83 usec
td # 7,07 usec
t, # 0,1 wusec

from which, applying Eq. (39):

Gp # 17,740 ,

In addition, noting that

| e-aT1: ¢22IKP) —\

-

ocne has
e™3T 2 0,995
One has .
P ) ’—.. " - - " R =]
4 0 0 I -
L av) - ¢ 9z “B’ ﬂ M N Lol Vo
Ldat | dt "~ "RC
{ I tn_, tn— :
1
| _-0 --R.—c- - VO - et 0 .J_
i :
from which e . -
' 1
G =
M. av -
A o | B _ 4V
T ~Ccl dt-{t_ dt |t _
n n

23
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Since‘VR = Const.,

B 1
Cym © Vv
A g _O
T C RC
and as a result
1
G. G =
C ha A ) Vb
G_..T RC

: G
=aT B
2,1=O (1- V )
A _ 0
G T RC
‘GC
Fig. 10 shows the variations in z, as a funetion of — for
A
different values of the load corresponding to Imax’ Imax/z and
Imaxflo.

24
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_la, Racine, 24 de \' equatlon

carqcber\st\que
“ +1
R=200.0
\E. G:' vo\h;""
| ‘
0 .
R.shoﬂ
—"
|
Fig, 10,

Key: a, Root z,; of characteristic equation.

Conclusion

The method which has Just been described makes 1t possible
to put the dynamic behavioer of PWM converters in equatlion form

systematically and unproblematicalIy and to determine their

25




pulsed transmittance for any glyen structure of mode of operaticn,
The simplifications which may be made for practlcal use
are performed a posteriorl and thelr range is thus quite clear,

The various guantities which may be subsumed by galns and

which occur in the equations may be determined either experi-
mentally or by computation,

26
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APPENDIX 1, Computation of dZn (i+1)/dZ ni

-
Since: y ' , S
dii At it
avL . it . Lt 4.
at A 2 . [ Au
Eq. {9) may be written
E%Lﬂ£iill - g (t -t ) Z . . S TR utt . Tt ”
a7 (1+1) n(i+1) ni Atieny 2y R (1+1]‘ .-
&t S - %Ly %4hg 92 g
that 1s, cver a span of continuous operation:
dZ N . } . e - , : . o,
] —nli) ) ® - A Zz {9y 9Zng dtog
[i+1] (i+1] — Nl + = B y o ld O e - .
62 oy | az" az"* (1+1) 7 ni| e |
‘ \ ) ' —_-nit" —nit° R £
‘ ' ‘ ool ni ‘ ni
with o ‘ o o
B gy " Praeny Tt i)

-

n{i+1i] ni

Noting that:

v& (dZ) ) A Zo °
it . o .
CAFELS L T e Sag T Byt )
: ni ,
one has’ e . o T
[ Znaen) |, ['9_?; ,(dtni +(dzni) :I
az” 1 [ Nag/ o az” /. Naz" 7,
- t = ni = ni .
- o~ -~/ ni . ¢
‘ iodt 4 }d ni' .. ni
S ) & ~ 3 —ni
H ]
Cémputing . dZ ;| and ﬁ.dgfni separately (Appendices 2 and /
, a
§

3), thié equation may be written:
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APPENDIX 2, Computation of :dtﬂi/d}: ni

In the yicinity of t,i, at any given Instant t one has;

4

- t - ' - : .
o - ‘
f00) = B (et )ez" e jc RGP SRR O SIED

tni

[

In addition, the equation:
hy (Zpy) = O

defining the switching instant tni becomes:

' Ci";(tni.'-z- ni]_ 0.

F

that,is, differentiating:

1 ] dt . . L .
‘ ci[?ﬁ - - J "0
: 'atni_ -dz ni -D_z_ ni

from which one may derive:

?fi
L dtni . *Ci'bj_:ni
3 - -

1 D tni

L]
-]

: o
-C,. Byt ot 4)
‘ ! 0
' - -G -B ] t } ]
Knbwing that hﬂi[OJ = over a span of continuous operation,
this equation amounts Toj

I

t

dtni ) " |::l
d—%‘ni ] C (E.Z".
ni i t
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APPENDIX 3, Computation of '9Zni/% ng

Tn the vicinity of tni, at any given lnstant t one has:

t

¢ - ° .

NI NN A j . B (t-h).B .ulN)ud)
t

e ni _.
from which; ~ _ _ |
: - o
‘ - °
‘ |:Eni - dfy (t) - d‘ﬂi(tni t ni] 2" dtni + @, (£ .-t
| - L1 i ""'ni "~ ni)
AT 9 the 9z s
j
! it . ‘“‘/' dtni
| i A e L L
; dz
| ‘f-ni 7
since: T
gitm =1
- .
d %] (t -t ) a
i " "'ni " nl® _
‘ - = Ay BlE -t )
] dt . '
: ni

. . | ) :
dZ_, - . dt .

( —ni ) —[Ai._z_ ag ¥ Bi.u[tnil] ni . ]1
gz

Over continuous operation, the result is that:

az"
— ni . . o . = ni
that is: —
1 ; e a : : dt
‘;‘ d-z-ni. - __d_z_ . ni . ﬂ‘
o\ o dt /.° dz"
ni. t ni = o




